Abstract. It is shown that a large part of the cohomology of the classifying space of a Lie group satisfying certain hypotheses can be obtained by a difference construction from hermitian representations of that Lie group. This result is relevant to the study of Novikov's higher signatures.
For any continuous finite dimensional complex representation V of G, we can form the associated complex vector bundle on B G and consider its Chern character ch V ∈ H * G . It is well known that, in the case where G is compact, the elements ch V (for various V as above) span over C a dense subspace of H * G .
How to extend this result to not necessarily compact groups?
Let V be a finite dimensional C-vector space with a given non-degenerate hermitian form on which G acts linearly and continuously, preserving the hermitian form. We associate to V an elementch V ∈ H * G as follows. We choose a maximal compact subgroup K of G. We can find a direct sum decomposition V = V + ⊕ V − with V + , V − orthogonal to each other for the hermitian form such that V + , V − are K-invariant subspaces and the hermitian form is positive definite on V + and negative definite on V − . The Chern characters
Note that the elementch V is independent of the choices of K and of the decompo- In the case where G is a real symplectic group, this was proved in [L] where an application to the study of Novikov's higher signatures (for discrete cocompact subgroups of G) was given. Gromov [G, p.139-140] realized that the result of [L] has also interesting differential-geometric applications, and asked the author (in January 1995) whether the more general statement of the Theorem above might be true. This provided the impetus for the present work.
2. Proof of the Theorem 2.1. Let G be as in 1.3 and let g be the Lie algebra of G (over C). Let Z G be the centre of G. Let T be a maximal torus of G. We choose standard Chevalley generators e i , f i , h i (i ∈ I) for g such that {h i |i ∈ I} is a C-basis of the Lie algebra of T .
Let π : G → G be the involutive automorphism of G such that the tangent map dπ : g → g is given by
is a maximal compact subgroup of G.
2.2.
For any λ = (λ i ) i∈I ∈ N I , let V λ be a finite dimensional C-vector space with a non-zero vector η on which G acts linearly as an algebraic group such that the corresponding representation of g on V λ is irreducible and satisfies e i η = 0, h i η = λ i η for all i. Note that (V λ , η) is uniquely determined by λ up to unique isomorphism. It follows easily that there is a unique conjugate-linear involution x →x of V λ such that ax =āx for all a ∈ g, x ∈ V λ andη = η. It is well known and easy to prove that there is a unique hermitian form , : V × V → C (linear in the first variable, conjugate-linear in the second variable) such that η, η = 1 and ax, y = x, −dπ(ā)y for all x, y ∈ V λ and all a ∈ g. It is well known that this hermitian form is positive definite.
From the definition we deduce the identity:
for all x, y ∈ V λ and all g ∈ G.
Let
. Indeed, it is easy to check that, if t ∈ T is of finite order, thent = t −1 . Since Z G is a finite group, σ is of finite order. Hence (a) holds. Clearly, for any t ∈ T , we have π(t) = t −1 . Hence (b) holds.
We define an antiholomorphic map
It is easy to see that τ is an involution. Let
Then G is the group of real points for an R-rational structure on G. Note that
is a compact Cartan subgroup of G. Thus, G satisfies the assumptions of Theorem 1.3. Conversely, it is known that any G as in the assumptions of Theorem 1.3 can be obtained by the previous construction. (For example, σ = 1 gives rise to a compact G.) Hence it suffices to prove Theorem 1.3 for G given by (a).
Let G
σ be the centralizer of σ in G. Let
We have
Indeed, from 2.3(a),(b) we see that σ ∈ K. Clearly, σ ∈ G σ ; our assertion follows. The following result is well known.
2.7.
Since η is an eigenvector for the T -action on V λ , we have ση = δη for some δ ∈ C * . Applying − to the last equality we obtain
By Schur's lemma, σ 2 acts as a scalar on V λ and this scalar is necessarily δ 2 . Thus,
Lemma 2.8. (a) , is a non-degenerate hermitian form on V λ . (b)
For any x, y ∈ V λ and any g ∈ G, we have gx, gy = x, y .
Let x, y ∈ V λ . We must show that
The right hand side is δ −1 σy, x =δ −1 x, σy = δ x, σy while the left hand side is
Thus (c) is proved. The fact that , is non-degenerate follows from the analogous property of , . Next we show that, for g in G, we have
The right hand side is
while the left hand side is
Thus (d) is proved. In the case where g ∈ G, identity (d) becomes gx, y = x, g −1 y . Replacing here y by gy we obtain (b). The lemma is proved.
Lemma 2.9. Let
The first statement of (a) follows from the fact that σ 2 = δ 2 on V λ . We have σ ∈ G (see 2.5) hence, by 2.8(b), σ acts as an isometry of , . Hence the ζ-eigenspace of σ is orthogonal under , to the ζ -eigenspace of σ provided that ζ ζ = 1. The last condition is satisfied by ζ = δ, ζ = −δ since −δδ = −1. This proves (a).
We prove (b). If x ∈ V + λ and x = 0, we have x,
The lemma is proved.
2.10.
Let W be the Weyl group of G with respect to T and let W be the Weyl group of G σ with respect to T . We regard W naturally as a subgroup of W . Now W hence, by restriction, W acts on T by conjugation. This induces an action of W , hence of W , through algebra automorphisms on O, the algebra of regular functions T → C. We will denote the action of W the space of W -invariants for this action. For any continuous finite dimensional complex representation V of K, the function t → tr(t, V ) on T ∩ K = T ∩ K = {t ∈ T |tt = 1} extends uniquely to a regular function χ V : T → C which belongs to O W .
By classical results on cohomology of classifying spaces [B] , we may identify
as topological algebras so that the following holds: For any continuous finite dimensional complex representation V of K, the element ch V ∈ H * K corresponds to the image of χ V under the obvious imbedding j : 
where p σ attaches to f ∈ O W the function t → f (tσ) in O W . Hence Theorem 1.3 is a consequence of the following result, in which σ may be taken to be an arbitrary element of T . 
Consider the diagram
where α is induced by the obvious imbedding O →Ô σ and β is the isomorphism induced by the isomorphismÔ σ →Ô 1 which comes from the translation by σ on T (an isomorphism of varieties which takes 1 to σ). It is clear that β • α is equal to the composition 2.10(a). Since β is an isomorphism of topological algebras, it is therefore enough to show that the image of α is dense in (Ô σ ) W . Let f ∈ (Ô σ ) W . Let X be the W -orbit of σ in T . For each t ∈ X, we define an element f t ∈Ô t as follows. We choose w ∈ W such that w(t) = σ. Now w * : O → O induces an isomorphism w * :Ô σ
